In this paper the dynamic stability of the milling process is investigated through a single degree-of-freedom model by determining the regions where chatter (unstable) vibrations occur in the two-parameter space of spindle speed and depth of cut. Dynamic systems like milling are modeled by delay-differential equations (DDEs) with timeperiodic coefficients. A new approximation technique for studying the stability properties of such systems is presented. The approach is based on the properties of Chebyshev polynomials and a collocation expansion of the solution. The collocation points are the extreme points of a Chebyshev polynomial of high degree. Specific cutting force profiles and stability charts are presented for the up-and down-milling cases of one or two cutting teeth and various immersion levels with linear and nonlinear regenerative cutting forces.
are found, and an in-depth investigation of the optimal stable immersion levels for downmilling in the vicinity of where the average cutting force changes sign is presented.
Introduction
One of the main obstacles to further advancement of milling is the challenge of eliminating the regenerative vibrations commonly referred to as chatter. Such vibrations, which adversely affect tool life, process economics, and surface integrity of the machined product, are due to the regenerative mechanism of cutting the surface formed in the previous cut. A stability chart is commonly used to indicate stable (chatter-free) cutting as a function of the spindle speed and depth of cut. It has long been recognized that substantial gains in productivity can be achieved by exploiting the lobed nature of the stability chart, particularly at high speeds [1] [2] [3] . This has enabled manufacturers to avoid chatter and to implement high speed machining with much success [4] . For machining processes such as milling the regenerative effect appears in the mathematical model in the form of a time-delay, where the delay period is the time between successive cuts of adjacent cutting flutes. Unlike the turning process in which the cutting tool remains stationary, the cutting tool in milling rotates with respect to the workpiece and produces time-periodic coefficients as well as time-delay in the mathematical model, which is a time-periodic delay differential equation (DDE) [5] . While analytical methods exist to find the stability boundaries for DDEs with constant coefficients, in general the stability criteria of periodic DDE systems cannot be given in a closed form, and an approximation method is needed.
Minis and Yanushevsky [6] used Fourier series expansions for periodic terms and determined the Fourier coefficients of related parametric transfer functions. Altintas and Budak [7] used a similar method except that they retained only the constant term in each Fourier series expansion of a periodic term. Davies et al. [8] and Zhao and Balachandran [9] examined how the periodic motions lost stability during partial immersion milling operations. Davies et al. [10] presented experimental results for milling operations with long, slender endmills, which indicate that the consideration of regenerative effects alone may not be sufficient to explain loss of stability of periodic motions for certain partial immersion operations. Davies et al. [11] showed the existence of period-doubling instability lobes along with the traditional Hopf instability lobes in low-immersion milling where the cutting time is negligible. The same results were later shown for finite cutting times by Insperger and Stépán [12, 13] using the semi-discretization method [14] and by Mann et al. [15] [16] [17] using the method of temporal finite elements [18] . These methods which lead to stability analysis of discrete maps, are not restricted to infinitesimal times in the cut. Insperger et al. [19] and Mann et al. [20] analyzed the stability conditions for up-and down-milling operations using the semi-discretization method. The authors restricted their study to a single degree-of-freedom milling model with a linear cutting force and a single cutting tooth. Subsequently, they found the chatter frequencies for secondary Hopf bifurcations and period doubling bifurcations at the stability boundaries [21] . Isolated islands of instability due to the periodicity of the process [22] or nonzero helix angles [23, 24] have recently been discovered. Most recently, the milling process has been investigated for the special cases of variable timedelays [25] , variable pitch [26] , and state-dependent regenerative delay [27] .
The present work presents a new efficient approximation technique for stability analysis of the partial immersion milling process. The method uses a collocation expansion of the solution at the Chebyshev collocation points during the cutting period, and a state transition matrix for the free-vibration period where no cutting occurs. This method is an extension of the Chebyshev-based numerical methods developed by Sinha and Wu [28] for the stability analysis of time-periodic ODEs and by Butcher et al. [29] for the stability analysis of time-periodic DDEs with smooth coefficients by Chebyshev polynomial expansion. However, the collocation method proposed here is more efficient than the earlier method of polynomial expansion. Unlike that method, it can easily be applied to periodic DDEs with non-smooth coefficients, in which a portion of the period corresponds to an autonomous ODE.
Collocation methods appear in the literature for solving DDE initial value problems [30, 31] and for finding periodic solutions of nonlinear DDEs [32] . The use of such methods for addressing DDE stability problems is explored in [33, 34] . The method of this paper has several advantages for stability problems, however. First of all, an explicit method for approximating the compact monodromy operator [35] is proposed.
Secondly, the action of the spectral differentiation matrix, and thus of the approximate monodromy operator, can be computed by a modification of the Fast Fourier Transform [36] . Next, the exact solution during the period in which the coefficients of the time-delay vanish is utilized in a similar way to [15] [16] [17] . Finally, computable uniform error bounds on the error in the solution and also the error in the approximate Floquet multipliers have been found [37] , and a sketch of an a priori proof of convergence for the method has been given [38] . The proposed method easily extends to systems with many degrees of freedom, and it produces stability charts with high speed and accuracy for a given parameter range. Other than a preliminary version of this work in [39] , this algorithm has also been recently used for dimensional reduction of nonlinear periodic DDEs [40] , and for parameter estimation in nonlinear time-varying ODEs [41] .
In this paper, specific cutting force profiles and stability charts are produced for the cases of up-milling and down-milling with one or two cutting teeth and various immersion levels with linear and nonlinear regenerative cutting forces. The unstable regions due to both secondary Hopf and flip bifurcations are found, and an in-depth investigation of the optimal stable immersion level for down-milling (where the average cutting force changes from negative to positive) and its implication for increased cutting efficiency in the milling process is presented. The resulting differences between assuming linear versus nonlinear regenerative cutting forces are highlighted.
Chebyshev Collocation Method
The Chebyshev collocation method is based on the properties of the Chebyshev polynomials. The standard formula to obtain the Chebyshev polynomial of degree j, which is denoted by ( )
The Chebyshev collocation points are unevenly spaced points in the domain [-1,1] corresponding to the extreme points of the Chebyshev polynomial of degree 1 N ≥ . As seen in Fig. 1a) , these points are the projections of 1 N + equispaced points on the upper half of the unit circle:
A spectral differentiation matrix for the Chebyshev collocation points is obtained by interpolating a polynomial through the collocation points, differentiating that polynomial, and then evaluating the resulting polynomial at the collocation points [36] .
We can describe the entries of the differentiation matrix D for any order N as follows: 
( 1) , ( )
Since we will need a spectral differentiation matrix for systems of n equations, let the (
where I n is the n n × identity matrix and ⊗ represents the Kronecker product. m Um φ = . However, a primary difference between the ODE case and the DDE case is that the monodromy operator U for the DDE is infinite dimensional [35] . Thus, the condition for asymptotic stability requires that the infinite number of characteristic multipliers, or eigenvalues of U, must have a modulus of less than one. In general, however, it is impossible to find all eigenvalues of the infinite dimensional U. We use the Chebyshev collocation approximation method to approximate U by a matrix of finite dimension, whose spectral radius approximately decides the stability. Because of the compactness of operator U, all of the neglected eigenvalues are clustered about the origin assuming than N is large enough so that solutions of the DDE are well-approximated [37] . Thus the neglected eigenvalues do not influence the stability. Now let us approximate equation (5) 
The ( I where 0 n and I n are n n × null and identity matrices, respectively, in order to enforce the n matching conditions. The pattern of the
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Here the hat (^) above the operator refers to the fact that the matrices are modified by altering the last n rows to account for the matching conditions. (The n I matrix in ˆB M will be modified later to account for a period of free vibration.)
Therefore, since U is defined as the mapping of the solution at the collocation points to successive intervals as
, we obtain an approximation to the monodromy operator in equation (6) by using equation (7): . We can achieve higher accuracy for the Floquet multipliers by increasing the value of N.
Milling Model
Here, we analyze a single degree-of-freedom zero-helix milling model with linear or nonlinear regenerative cutting force for multiple cutting teeth in both up-and downmilling directions. This model has also been analyzed in [19] [20] [21] while higher degree-offreedom versions were considered in [15] [16] [17] , for example. The tool is assumed to be flexible in the x-direction only. A summation of cutting forces acting on the tool produces
where m is the mass, ζ is the damping ratio, n ω is the natural angular frequency, and x F is the cutting force in the x-direction.
According to Fig. 2a) , the x component of the cutting force on the p th tooth is given by
where ( ) p g t acts as a switching function. It is equal to one if the p th tooth is actively cutting and zero if it is not cutting as defined by entry and exit angles which are specific to the cases of up-and down-milling (to be discussed). ( )
is the tooth pass period in seconds where Ω is the spindle speed given in rpm, z is the number of teeth, and q is an exponent which is equal to one for a linear cutting force or less than one for a nonlinear cutting force [13, 21] .
The substitution of ( ) p w t into equation (12) , expanding the result in a Taylor series, linearizing about the feed per tooth f, substituting the result into equation (11), and summing over the total number z of cutting teeth yields ( )
where
is the τ -periodic specific cutting force variation, tan Fig. 2a case, the first tooth starts cutting at 0º and leaves at some exit angle less than 180º.
Contrary to this, for the down-milling partial immersion case, the first tooth starts cutting at some entry angle greater than 0º and exits at 180º. Additional teeth have angles shifted by integer multiples of 2 / z π . The specific cutting force variation h(t) in equation (14) depends on the screen function ( ) ρ > is not considered here, but will be analyzed in a future work.
Stability Charts and Numerical Simulations
Specific cutting forces and corresponding stability charts calculated by using the Chebyshev collocation method for up-milling and down-milling processes with 25%, 50%, 75% and 100% immersion ratios are shown in The stability analysis is based on the determination of the relevant characteristic multipliers using the collocation method. We use bifurcation theory to explain the type of instability. For µ =1 (fold bifurcation), it can be shown that this bifurcation cannot occur in the milling equation [19, 21, 22] . For secondary Hopf bifurcation (indicated by an "H" in the stability charts), µ is complex with 1 µ = , while 1 µ = − for flip or perioddoubling bifurcation (indicated by a "P" in the stability charts). All regions below the stability curves are stable (i.e. chatter free). In the up-milling case (see the first and the second rows), the relative orientation of Hopf and flip regions remains the same for all immersion ratios. For full immersion, the cutting force equals zero (i.e. the system has free vibration) for half of the period, because the surface of the tool-workpiece interaction becomes a semi-cylinder (as seen in Fig. 3) . Part of that time the force is negative, which can be explained by the fact that the cutter and the workpiece move in the same direction.
For a low immersion ratio, the force is always positive, while it begins to include a negative portion for a/D slightly below 0.75. In the case of down-milling (see the third and fourth rows), on the contrary, the force is always negative for low immersion ratios, for the reason explained above, while for a/D slightly below 50% it begins to include a positive portion. The mean value of the force for the entire period changes sign and becomes positive between a/D = 50 and 75%. The specific cutting force is the same as in the up-milling case at the 100% immersion ratio. The most distinctive feature about the stability charts is the near disappearance of the unstable Hopf lobes for the down-milling case of 75% immersion, while the Hopf lobes for 50% and 100% immersion cases change their relative orientation with respect to the flip regions. This peculiar feature will be discussed in greater detail.
In order to investigate this phenomenon closer, and also to verify the accuracy of the stability results, we compute the response at four parameter points for three immersion levels using the MATLAB numerical integration routine DDE23 [43] on equation (13) . If the response goes to a finite amplitude oscillation (the nominal chatterfree motion) as time goes to infinity, then the system is said to be stable at the given parameter points; otherwise if the response grows without bound it is unstable due to either secondary Hopf or flip bifurcation. Our first conclusion is that the results shown in the cutting depth is small, the optimal interval of immersion ratios is larger, while for larger cutting depths it is smaller. It should be noted that these optimal stable intervals also depend on the value of tan γ as well as the nonlinear exponent q as will be shown.
Figs. 8-10 show specific cutting forces, stability charts, numerical simulations, and optimal stable immersion levels similar to Figs. 5-7 but for the case of two teeth and a nonlinear cutting force with a nonlinear exponent of q=0.75. Many features, such as the jump of the Hopf lobe near 75% immersion for down-milling in Fig. 8 , the reversal in stability for all four parameter points A(SSU), B(UUS), C(SUU), and D(USS).in Fig. 9 , and the interval of optimal stable immersion levels in Fig. 10 , are very similar to the previous case of a single tooth and linear cutting force. It can be concluded that these features probably exist for a wide range in the number of teeth or the cutting force nonlinearity exponent.
Analysis of Optimal Stable Immersion Levels
In order to help explain the stability characteristics seen above, the average value of h(t) over a full period of rotation of the tool for a single tooth can be found as
Using the entry and exit angles given in section 3 and setting q = 1 (linear cutting force), the average specific cutting force for up-milling is
while for down-milling it is
These are plotted for three different values of tan γ in Fig. 11 . It is seen for / 0 a D > and tan 0 γ > , that <h(t)> is always positive for up-milling. For down-milling <h(t)> is negative for / a D less than a critical value (which depends on tan γ ) and is positive for / a D greater than this value. It should be noted that while multiple teeth would alter the average cutting force, the immersion ratio where it is zero for down-milling would be the same.
In Fig. 12b a stability chart is shown for the case of a single tooth with 100% immersion (in which up-and down-milling are identical), including the negative b axis, for q=1. The concept of negative depth of cut allows a simple way to visualize the unusual behavior of the Hopf lobe as the average cutting force changes sign as noted in [19] . The lower portion of the figure (i.e. negative b axis) has the same orientation of the Hopf and flip lobes that are observed in the down-milling cases of 69% and lower immersion levels in which <h(t)> is negative (except that they are upside down). In addition, the slight change in the flip lobe boundaries observed in Fig. 6 can be seen clearly.
A method to analytically approximate the optimal stable immersion levels works as follows. This approximation basically reduces the milling problem to that of turning with h(t) replaced with its average value. First, temporarily consider the turning process for which the cutting force is constant and all of the unstable lobes are due to Hopf bifurcation in which a pair of eigenvalues are iω ± at the stability boundary. It is wellknown that the stability boundaries can be obtained parametrically in terms of ω as [22]
where k 1 is the cutting stiffness. Here, the average cutting force <h(t)> is used in place of
The minimum values of these lobes are obtained from differentiating the first of equations (19) with respect to ω , setting the result to zero, and solving for ω . The two positive solutions are given by 1 2 ω ζ = ± . Substitution of these back into the first of equations (19) yields the two values of ( )
although only the positive value is usually given. For 100% immersion and tan γ = 0.3 equation (18) yields <h(t)> = 0.075 t K ⋅ (see Fig. 12a ) such that equation (20) 
where ( To find the optimal stable immersion levels in down-milling for a specific cutting depth, equations (20) and (18) are solved numerically for the two immersion levels that bound the optimal stable region for a specific value of tan γ. Care must be taken so that the root corresponding to negative <h(t)> is the greater of the two. In Fig. 13a , the two sets of immersion levels corresponding to both b = 2 mm and 5 mm are shown along with the root of <h(t)>=0 for a limited range of tan γ from 0.2 to 0.4 for q=1. Thus, for a cutting depth approximately less than or equal to these cutting depths, the use of downmilling with an immersion level within the given region results in the maximum stable region in which the major Hopf lobes do not affect the stability, as was shown in Fig. 7 .
In order to see the effect of a nonlinear regenerative cutting force (q<1) on the optimal stable immersion levels, equations (20) and (16) must be solved numerically. and to determine the bounds of the interval of the optimal stable immersion levels, the average value of the specific cutting force for both up-and down-milling cases was computed analytically for the case of a linear cutting force, and numerically for the case of a nonlinear cutting force. Comparisons of the results using linear and nonlinear cutting forces indicate that the optimal stability window is higher (in terms of immersion level) and slightly narrower for a nonlinear cutting force, and that in special cases a change in the nonlinear exponent can drastically alter the stability chart for down-milling.
Plans for extension of the present work include an analysis of the case of multiple engaged teeth in which 1 ρ > , and a detailed study of the parametrically-induced perioddoubling islands of instability (shown in [22] for interrupted turning and in [23, 24] for milling with a nonzero helix angle), for which equation (21) in this paper introduces a new formula for the approximate lower bounds of cutting depth for partial-immersion milling. 
